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'Ref. 16 of this Report. 

This Report presents the results of one phase of research conducted 
at the Jet Propulsion Laboratory for the National Aeronautics and 
Space Administration. The experiments reported were performed in 
the supersonic-wind-tunnel facilities at both the Jet Propulsion Lab- 
oratory and the California Institute of Technology. The work in part 
grew out of earlier experiments at JPL on thrust-vector control in 
rocket exhaust nozzles.' Results of those experiments pointed out the 
need for more detailed infomiation concerning the interaction that 
occurs when a small secondary stream of gas is injected into a large 
supersonic flow. It was felt desirable to simplify the geometry so that 
the complex interaction phenomena could be studied in as simple a 
manner as possible. Hence, the interaction was studied by examining 
secondary injection into a uniform and supersonic flow over a flat plate 
or plane wall. 

At the time this work was performed, Dr. F. W. Spaid was a gradu- 
ate student at Caltech, and Mr. R. Rosen was employed at JPL. Dr. 
Spaid is now a member of the technical staff at Douglas Aircraft 
Company, Inc., Santa Monica, California, and Mr. Rosen is a graduate 
student at the University of Southern California. Dr. E. E. Zukoski 
is Professor of Jet Propulsion at the California Institute of Technology. 
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The flow field around the injection port for secondary injection of a 
gas normal to a supersonic stream has been studied in a series of wind- 
tunnel experiments. The experiments were conducted at free-stream 
Mach numbers of 1.38 to 4.54. Gaseous nitrogen, argon, and helium 
were injected through a circular hole and sonic flow was maintained 
at the injection orifice. Data presented include static-pressure dis- 
tributions on the wall in the region of the injector, shock shapes, and 
injectant-mass-fraction, total-pressure, and velocity profiles down- 
stream of the injector. A scale parameter has been calculated, based 
on a simple, inviscid model of the flow field. This scale parameter gives 
a good general correlation of the data. Use of this scale parameter 
allows the prediction of a simple scaling law for the normal forces 
on a wall produced by secondary injection, which is in approximate 
agreement with existing rocket-motor test results. 

1. INTRODUCTION 

The description of the flow field set up by the injection 
of a secondary gas into a supersonic primary flow is a 
problem of current engineering interest. Flows of this 
type occur during thrust-vector control of rocket motors, 
during jet-reaction attitude control of vehicles moving 
through the atmosphere, and during fuel injection into a 
supersonic burner. 

In all of these applications, when a gas is injected into 
the primary flow, a high-pressure region is set up on the 
wall in the neighborhood of the injector. The detailed 
mechanism that governs the magnitude of the resulting 
force on the wall is not yet thoroughly understood, but 
may be roughly described as follows. The injected mate- 
rial must be turned by the primary flow. Because the in- 
jectant acts as an obstruction it produces a strong shock 
wave in the primary flow. This shock interacts with the 
boundary layer on the wall and may cause it to separate. 
Both the initial shock and the resulting boundary-layer 
separation produce a region of high pressure ncar the 
point of injection. Further pressure changes may be pro- 
duced further downstream by mixing of the primary and 

secondary flows, and by expansion of the primary flow 
as it passes around the obstacle formed by the injectant. 

The goal of the present study has been to obtain funda- 
mental information concerning the processes of inter- 
action that occur during secondary injection and, in 
particular, to determine similarity rules for the important 
phenomena. The situation chosen for experimental and 
theoretical study is the sonic injection of a gas through 
a wall and perpendicular to a primary flow that is uni- 
form and rectilinear outside a wall boundary layer. The 
parameters changed during the tests include primary- 
flow Mach number, injector size, and injectant-composi- 
tion and stagnation-pressure ratio. A model for the 
interaction region is presented and is compared with 
experimental data obtained by the authors and by other 
workers. 

In addition to the work carried out with a single-hole 
injector, some information was aiso obtained with two- 
hole injectors. 

1 
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II. DESCRIPTION OF EXPERIMENTS 

Experiments were carried out in facilities at the Cali- 
fornia Institute of Technology (Caltech) and at the Jet 
Propulsion Laboratory (JPL). The series of experiments 
conducted at the California Institute of Technology were 
carried out in the 2.5-in. supersonic wind tunnel, which 
is described in detail in Ref. 1. The test section is 2.5 in. 
wide and about 2 in. high. 

During these experiments, gaseous nitrogen, argon, and 
helium were injected through orifices in the test-section 
side walls. Test-section conditions consisted of Mach 
numbers 2.56 and 1.38, and Reynolds numbers per inch 
of 1.3 X lo5 to 4.3 X 1 0  at the first Mach number and 
4.5 X lo5 at the second. At the Mach number 2.56 and 
below a Reynolds number per inch of 1.7 X lo5, the 
boundary layer on the test-section wall was found to be 
laminar; above that Reynolds number it was turbulent at 
the same Mach number. The tunnel could maintain quasi- 
steady-state flow in the test section at a Mach number of 
1.38 for only approximately 10 sec. It was possible to 
perform experiments only at a single free-stream stagna- 
tion pressure, and therefore only at a single Reynolds 
number per inch. This Reynolds number resulted in a 
turbulent boundary layer in the region of the injection 
port. 

Because of the very short test-time duration at the 
lower Mach number, surveys of the undisturbed flow in 
the test section were carried out only at the higher Mach 
number. Figure 1 shows Mach number profiles obtained 
at two axial stations in the test section for an intermediate 
Reynolds number that corresponded to a free-stream stag- 
nation pressure of approximately 1 atm. These measure- 
ments were made in a plane equidistant from both of 
the glass side-walls of the test section and perpendicular 
to the wall containing the injector. The authors believe 
that these profiles are representative of the uniformity 
of the flow that existed for all of the tests, although a 
variation in test-section Mach number of the order of 
kl% was observed when the nozzle blocks were removed 
and replaced for the purpose of changing injectors. Exam- 
ination of schlieren pictures for various values of test- 
section Reynolds number indicated that the boundary- 
layer thickness exhibited by the profiles of Fig. 1, 
approximately 0.5 cm, is the correct order of magnitude 
for all of the test conditions. The data in Fig. 1 were 
obtained with a probe made from 0.065-in.-O.D. tubing, 
flattened and ground at one end to a tip that was approxi- 
mately 0.10 in. wide by 0.006 in. high, with a hole 0.002 in. 
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Fig. 1. Typical Mach number profiles in the test section 
near the injector, no injection; Caltech supersonic 

wind tunnel 

high. Probe pressure was measured with a mercury 
manometer. 

The experimental data collected during the tests with 
secondary injection consisted of test-section flow condi- 
tions, schlieren photographs, static-pressure distributions 
on the test-section wall in the region of injection, concen- 
tration and total-pressure measurements in the flow down- 
stream of the injection port, and the injectant total 
pressure and mass flow rate. The static pressures were 
measured by mercury manometers, and the concentra- 
tion measurements were obtained with a total-pressure 
probe and a Gow-Mac thermal conductivity cell. The 
total-pressure probe used for the concentration and total- 
pressure measurements for injection through a circular 
hole was a three-pronged probe with tips spaced 0.125 in. 
apart. The tips were circular, with a 0.031-in. O.D. and 
a 0.013 in.-diam. hole. The total-pressure profiles and the 
velocity profiles presented in this Report were obtained 
by H. Burden, and are reported in more detail in Ref. 2. 
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A section view of the circular-hole injector xscd for the 
majority of these experiments is shown in Fig. 2. The 
section is taken in a plane parallel to the test-section flow, 
the same one in which the Mach number and boundary- 
layer profiles of Fig. 1 were obtained. It can be seen in 
Fig. 2 that static-pressure taps were located on the wall 
IS close to the injector as possible. One other injector, 
having a diameter of 0.114 in. and a configuration quite 
similar to that shown in Fig. 2, was also used, although 
the nozzle-block section in which this injector was in- 
stalled was not instrumented with static-pressure taps. 
Discharge coefficients for each of these orifices were 
determined experimentally, and the injection pressures 
were corrected for losses caused by friction in the injec- 
tant supply tube. 

In addition to the experiments at Caltech, two series of 
experiments were conducted in the 20-in. supersonic 
wind tunnel at JPL. The first of these was part of a series 
of experiments conducted by M. W. Dowdy and J. F. 
Newton, Jr., (Ref. 3 )  in conjunction with the authors; 
the second was conducted by the authors alone. 

In the first tests at JPL, gaseous nitrogen was injected 
through a sonic orifice 0.100 in. in diameter and normal 
to the surface of a sharp-edged flat plate. The orifice was 
located 7.00 in. to the rear of the leading edge. The sur- 
face of the plate in which the injector was located was 

TYPICAL STATIC- 
/ O  083- in -DIAM. 

INJECTOR TUBE 

0.047-1n.-DIAM 
TEST-SECTION WALL 1 i  INJECTION PORT 

Fig. 2. Section view of circular-hole injector 

pzra!lel to the test-section flow. and a boundary-layer 
trip wire was attached near the leading edge of the 
plate. Tests were conducted at test-section Mach num- 
bers of 4.54, 3.50, 2.61, and 2.01. The highest and the 
lowest practical tunnel stagnation pressures were uti- 
lized at each Mach number in an attempt to study the 
effect of test-section Reynolds number at a fixed Mach 
number. Reynoids numbers based upon the distailce from 
the injection port to the leading edge covered the range 
0.75 X 10,  to 2.2 X 10. In this test series, the experi- 
mental data consisted of schlieren and shadowgraph 
pictures, tunnel and injection conditions, and static- 
pressure measurements on the plate along a single line 
parallel to the flow and passing through the injector. 
The static pressures were measured by single trans- 
ducers and a pressure-switching mechanism. Further 
details concerning the experimental apparatus and pro- 
cedure are available in Ref. 3, and a description of the 
wind-tunnel facilities of the Jet Propulsion Laboratory 
is given in Ref. 4. 

In the second test series at JPL, a similar flat plate was 
used, except that the static-pressure taps were dis- 
tributed over a wide area around the injector ports. 
Nitrogen gas was the principal injectant, and data were 
also obtained with helium. The Mach numbers used 
were 2.61, 3.50, and 4.53, and both laminar and turbu- 
lent boundary layers were obtained at each blach num- 
ber. Data taken included schlieren and shadowgraph 
photographs, static-pressure measurements, and a few 
rr,easuremeots of concentrstinn profiles in the flow. In 
addition to data obtained with a single hole, some tests 
were carried out with two holes in order to study briefly 
the interaction of the t\vo injectors. 

C'nfortunately, no boundary-layer profiles were taken 
in the JPL facility. Information concerning the boundary- 
layer thickness was obtained from shadoivgraph photo- 
graphs and from previous tests of similar Bat plates in the 
same tunnel. Furthermore, the trip wire used on the 
plate and the well-known difficulties in interpretation of 
shadowgraph photographs make the results rather un- 
certain. Estimated values of the bounclar)--la!.er thickness 
at the injector location were 0.35 cm and 0.40 cm for 
the turbiilent-flo\i- conditions at llach numbers of 2.61 
and 3.50, respectively. 

3 
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A sketch of the flow field produced by injection through 
an orifice has been obtained by examination of schlieren 
and shadowgraph pictures of the interaction region. Fig- 
ures 3a and 3b are scale drawings of two shadowgraph 
pictures taken at different free-stream stagnation pres- 
sures, but at the same ratio of jet stagnation pressure to 
free-stream stagnation pressure. The free-stream Mach 
nuinl)c,r w a s  2.61 and the JPL flat-plate model was used 
h c w .  Schlicwii photographs of similar flow situations, 
takcn in tlicb Caltecll facility, arc. sho\vn in  Fig. 3c and 3d. 
The injcctetl matcriiil entcrs througli a circular orifice 
\\Tit11 a static pressure much higher than thc value in the 
~indistrirl~etl primary flo\v. Thc flow is sonic at the in- 
jector antl expands rapidly through a strong Prandtl- 
S l c y ~  fan. The interaction of the two streams produces 
a strong l ~ o w  w a v c ~  on thc upstream side of the injector, 
and thc shock-induccd prcssiirc field turns the injectant 
so that it mows approximately parallcl to the wall. 

The intcvxctioii of thc bow shock wave with thr h i i d -  

ary l a y c ~  prodiices ;I region of lmundary-layer separation 
upstrcwii of the shock. For the caso of a turbulent bound- 
ai!. layc~,  illustrated in Fig. 3a antl 3c, the separated 
rcgion is short, and thr ohliqiie shock prodiiccd b y  separa- 
tion is oftcan too w c &  to 1 ) ~ ~  observed. When the boundary 
l a y c ~  is laminar, Fig. 31) and 3d, thc separated region is 
much largcr, and the mglc betiwen the separated flow 
and tlic w i l l  is ncvc’r morc than a few dcgrees. 

Some details of thcx flow near the injector are shown 
on thc schli tlr en phot ogr;ipli s . One f ca t tire which can 
be usridly sem,  e.g., Fig. 3c iind 3d, and which is 
apparcntly the rcbgion of  masimnm concentration of the 
injc,ctant, has tlw iiplwarnncc. of ii  strcxmline of the in- 
jcctant. l)c,tc.lmiii;itioii of thr masiiiiiiin distance between 
this fcntrirc and tlic wall, later called the penetr, d t’ 1011 

hciglit. gives ii simplv \rislial tii(’as~irc’ of tlw penetration 
of the scxwntlary fluid into thc primal-y flow. This feature 
is illustratc~l in Fig. 3:i m t l  31). The photographs in Fig. 
:le antl 3tl illustrate flow conditions in which the distance 
of this fcatrirc’ from the, nxll i s  i 1 ~ u c . h  greater than a char- 
actc.ristic I )ort i i t lar! . - l~ i~ ,~ ,r  tlinirmsion. 

I 
Under most conditions studied, the flow field is ap- 

parently steady; however, the separation process can be 
easily perturbed, and for high Mach numbers and lam- 
inar conditions some evidence of unsteady flows was 
observed. This unstedy beh‘ivior has also been reported I 

b y  Amick and Hayes (Ref. 5). JI 

.4 series of shadowgraph photographs taken during the 
first serivs of tests at the Jet Propulsion Laboratory has 
been published in Ref. 3, and a sccond group of pictures 
takei] during the second test is presented here ;1s 
Fig. 4 a - k  These photographs cover the range of test 
conditions discussed in this Report and include a set of 
pictures taken with no injection. These were used in 
making the dc,tc,rmination of the boundary-layer thick- 
ness discussed at thc end of Section 11. 

f 

The change in shock structure lxoducetl b y  decreasing 
the injc~tant prcssiire ratio is illtistrated in Fig. 4b-4~.  
Thesc were obtained with nitrogen injectant and ;i turbw 
lent botundary laycr. In Fig. 4b, the scale of the dis- 
turbance is a niauimiiin and hence the details of the flow 
are most clearly visible. In particular, note the shock 
structure and the turbtiltmt motion of the gas in tlw 
neighborhood of the injector. 

Figure 4f was takcn with hclium as injectant; hence 
comparison of this photograph with Fig. 4c indicatcs 
the influence of molecular weight and spccific hcat ratio 
on the interaction phenomena. The wavy shock shape 
in Fig. 4f is ducb to instability in the separation region and 
not to the propc,rtic,s of the injectant. 

Injection with a laminar boundary layer is illustrated 
by Fig. 411. The scpiration shock is too \veak to be visiblc. 
in this photogriiph, brit comparison of Fig. 4h \\it11 thc 
corresponding tare photograph, Fig. 4g, shows that thc 
separation started at about - 5 cni. Finally, the shock 
strricture induccd by  injcction of nitrogen at hIach 3.50 is 
shown in Fig. 4i m t l  4j, and the tare photograph for 
llacli numbc.r 3.54 is shown in Fig. 4k. 

4 
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Fig. 30. Sketch of the flow field for hole injection, turbulent boundary layer 
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Fig. 3b. Sketch of the flow field for hole injection, laminar boundary layer 
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& 

Fig. 3c. Schlieren photograph, nozzle wall; M ,  = 2.56, 
Re = 2.5 X 10: per in.; turbulent boundary layer 

Fig. 3d. Schlieren photograph, nozzle wall; M ,  = 2.56, 
Re = 1.3 X 10;' per in.; laminar boundary layer 
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. 

Fig. 4. Shadowgraph photographs, flat-plate test 
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Fig. 4 (Cont'd) 

8 



JPL TECHNICAL REPORT NO. 32-834 

9 



J P L  TECHNICAL REPORT NO. 32-834 

1 0  



JPL TECHNICAL REPORT NO.  32-834 

Fig. 4 (Cont'd) 
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Fig. 4 (Cont’d) 

IV. ANALYTIC MODEL 

In investigating the shock patterns produced by sec- 
ondary injection, one is reminded of shock shapes pro- 
duced by blunt axisyminetric bodies. This fact suggested 
that some insight into the scaling laws for secondary 
injection could be obtaincd b y  setting up a simple niodel 
for a solid body, which \iwulcl give a shock pattern similar 
to that prodiiccd hy injection. 

The scheme used here is to pick a shape for the nose 
of the cqiivalrnt h d y  and then to calculatc the charac- 
teristic dimcnsion of  tlie nose b y  balancing the drag of 
the nosc section against the niomcntiim flus of the 
injcctant. Thc analysis is carrictl out for tlw momentum 
flux and forcc acting p a r d l ~ l  to thc wall, and the control 
voluinc. chosen for thc analysis is thc nose section of thc 
cqiiivalent body, which lics close, to the injectant orifice. 
It is cspcctcd that such a simplc modcl may give a useful 
description of a scaling parameter without necessarily in- 

cluding an accurate description of all the details of the 
flow. The salient features of the flow utilized in the model 
are the bluff nature of the effective interfercnccb body, the 
separated region iinmediatc,ly downstream of the injector, 
and the fact that thc mixing bet\\ eeii the injectiint a d  
other gas m a y  be small in the iinmediitte neighborhood 
of the injector. 

Thr  coordinate system used in describing the model 
is illustrated in Fig. 321 and 11. Here, the x-x plane is shown 
with the y-axis perpendicular to the page. The origin of 
the coordinate system has been chosen so that the = 0 
plane inclutlc,s the ccntc,r of the injector and so that the 
origin lies at  thc intcwc>ction of the bow-shock wave with 
the wall. 

For the purposes of this model it is assumed (1) that 
a sonic jet is injected into a uniform supersonic flow 

12 
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with no wall boundary layer; (2) that no mixing occurs 
between the injectant and either the primary flow or the 
separated flow near the injector; (3) that the interface 
between the injectant and primary flows is a quarter 
sphere followed by an axisymmetric half body; and 
(4) &..at &e interface between the separated 00w down- 
stream of the injector and the injectant always lies inside 
the surface described in item (3). Several features of this 
model are illustrated in a schematic manner in Fig. 5, 
where section views of the flow are shown. The first lies 
in the y = 0 plane and the second in the plane given 
by x = h. 

The force balance is made on the control volume 
formed by the quarter-spherical nose, which is located 
with one plane surface in the x-y plane and the other in 
the y-z plane. It is further assumed that (5) the pressure 
forces on the sphere due to primary flow can be calcu- 
lated by use of modified Newtonian flow, (6) that the 
injectant expands isentropically to the ambient pressure 
with its velocity parallel to the wall at the downstream 
face of the sphere, and (7) that the contribution to the 
momentum flux across the y-z plane due to flow in the 
separated region downstream of the injector can be 
neglected. 

A brief description of the derivation of the equation 
for the penetration height is given here (see Ref. 6 for a 
more detailed derivation). First, consider the flow over 
the sphericai nose. For i<'ewioiiian f , z ~ ~  ca!cu!atinns; with 
the modification suggested by Lees (Ref. 7), the pressure 

a )  y = O  PLANE 

Fig. 5. Schematic diagrams o 

- INJECTANT 

coefficient, C, = (E' - Pm)/l$ p.. V:, on the surface of the 
body is given by 

where (I is the angle between the local tangent to the 
surface and the undisturbed flow direction, and must 
lie between 0 and r/2.  Here C; and (I* are evaluated at 
the nose of the body. Hence, a* = ~ / 2  and C: is the 
pressure coefficient corresponding to the stagnation pres- 
sure behind a normal shock, found from the theory of 
supersonic flow of an ideal gas: 

In this case, the Newtonian calculation is applicable 
only to the surface of the quarter sphere. The total axial 
force on the control volume was obtained by integrating 
the pressure force in the x-direction over the spherically 
shaped nose of the equivalent body and the portion of 
the x = constant plane just downstream of the nose. The 
contribution of this latter surface is - ( 7 / 2 )  P, h', which 
is equal in magnitude but opposite in sigii io m e  ~f &e 

2 

t 
BOUNDARY OF 

EFFECTIVE OBSTACLE 

INJECTANT 

I : [  : : 

b)  SECTION A-A, x = h  PLANE 

flow field for the model used in calculations 
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terms that results from the calculation of the force on the 
curved surface. The net result is 

7r 
F = - M L  y,Cp*h2Pm " 8  

In order to calculate the net momentum outflow 
through the control volume, note that because the jet is 
injected normal to the wall, the only contribution is the 
total x-momentum of the injected gas after it has ex- 
panded isentropically to the free-stream static pressure. 
The analysis could easily be extended to the case of 
injection at an arbitrary angle to the free-stream flow, 
merely by including the x-component of the momentum 
of the injected gas at the injection orifice. 

The momentum flux of the expanded secondary flow 
can be simply evaluated. First, the mass flow of injectant 
is calculated from the assumption that the injector flow is 
sonic and fills an area which is c times the actual injector 
area; that is, c is a discharge coefficient for the injector, 
and d (c)" is the equivalent diameter of the injector, and 
hence is the characteristic dimension of the injector. 
From this assumption it follows that 

where cAj is the equivalent injector area. The Mach 
number at the exit of the control volume is given by the 
expression for isentropic expansion from a stagnation pres- 
sure PIbj to a static pressure P, .  This expression can be 
solved for the velocity V i  and the result is 

The momentum flux is m, V I ,  and consequently, the force 
balance is given by 

F ,  = mjVj (5) 

All thr parameters in this equation are known except 
the radius h ,  and therefore, Eq. ( 5 )  can be solved for this 
paramctcr. The result is 

14 

Note that when the ratio P,,/P, is held fixed, the 
radius decreases with increasing Mach number. However, 
for rocket work, it is often more convenient to use the 
stagnation-pressure ratio POi/Po, as the independent 
variable. 

The first two factors of Eq. (6) may be rewritten to give 

(7) 

It is evident from this form of these terms that the radius 
increases with the square root of Poj/Pl,, and, in a more 
complex manner, with M , .  

The variation of the terms in the square bracket of 
Eq. (6) and that of C; with M ,  or ym is not very rapid. 
Hence, the most important variation of the radius is 
approximately given by 

In terms of the mass flow rate of injectant mj, Eq. (8) 
can be written as 

(9) 

Note that for simplicity, the complex dependence on y j  
and ym has been omitted here. Equations (8) and (9) are 
useful as long as (P , /Pl l j )  < < 1 and M ,  > 2. 

Although the derivation used to obtain Eq. (6) was 
based on the assumption of a spherical interface between 
primary and injectant flows, it should be noted that the 
functional form of Eq. (6) is not sensitive to the shape of 
the interface. For example, the derivation has been car- 
ried out for elliptical interface shapes with eccentricities 
ranging between 0 and 0.98. The equations for h ob- 
tained by this calculation had the same functional form 
given in Eq. (6) and differed from it by a multiplicative 
constant that depended on the eccentricity and that 
changed only by a factor of 2.3 for the range of eccen- 
tricities given above. 

It is proposed that the calculated radius can be used as 
a measure of the scale of the disturbance produced by 
injection. Note that although the expression for h, given 
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in Eq. (6), contains no adjustable constants, the exact 
correspondence between values calculated from Eq. (6) 
and any measured feature of the flow, such as the penetra- 
tion height mentioned in Section 11, is purely fortuitous. 
However, if the model is correct, it is to be expected that 
changes in scale of flow features will be proportional to 
changes in h. 

Since the boundary layer has not been considered at 
all in this analysis, it would be expected that h would 
have to be larger than a characteristic boundary-layer 
dimension in the immediate vicinity of the jet, i.e., a 
characteristic thickness of the boundary layer in the 
region of maximum separation, in order for the analysis 
to be applicable. 

However, there is a difference between the observed 
flow field and the model that seems to make this limitation 
somewhat less severe. As the injectant expands just after 
leaving the orifice, it is initially conical in shape so that 
the actual obstruction shape as viewed from the front 
is probably similar to that of a frustum of a cone with its 
small end resting on the wall, and capped by a sphere. 

This shape would be expected to produce considerably 
less of an obstacle to the boundary layer than a quarter 
sphere of the same projected area. 

Figure 4 gives typical examples of the change in 
boundary-layer thickness caused by injection. The maxi- 

of the injector was never observed to be more than about 
twice the thickness of the undisturbed boundary layer at 
the same distance from the plate, as determined from 
the photographs. 

mum iliickiiess of the sepaiatec! b~~fidarj .  !3;.7er upstream 

To provide a basis for comparison, some experiments 
with solid objects of the same shape as that postulated in 
the analytic model have been conducted. These objects 
were attached to the nozzle \\ all, and schlieren pictures 
were taken at a test-section Mach number of 2.56. Pho- 
tographs with the same shock shape were compared. The 
separation produced with both laminar and turbulent 
wall boundary layers was always considerably more ex- 
tensive than that produced by injection, thus supporting 
the preceding supposition about the applicability of the 
model. 

V. PRESENTATION OF EXPERIMENTAL DATA 

Results are given of experiments concerning the flow- 
field geometry, concentration measurements, and static- 
pressure measurements on the wall. The data are pre- 
sented in terms of space coordinates normalized by the 
radius, which is calculated from Eq. (6). This mode of 
presentation was used to facilitate the verification of 
the proposed scaling law. 

A. Penetration Height 

In most of the schlieren photographs taken of the flow 
with secondary injection of argon and nitrogen into air, 
a distinct featiure appears that looks like the top or outer 
boundary of the jet. Although this feature, shown in 
Fig. 3c and 3d and also visible in some of the photographs 

of Fig. 3, is probably the line of maximum concentration 
of injectant rather than the jet boundary, it has been 
selected as being characteristic of the scale of the dis- 
turbance produced by the jet, and hence is called the 
penetration height of the jet. That flow fields for different 
injection rates should be geometrically similar is, of 
course, an assumption that must be verified. 

Values of the penetration heights determined directly 
from schlieren photographs made in the Caltech facility 
are shown in Fig. 6. Here, penetration heights normalized 
by the equivalent injector diameter d(c)l, are given as a 
function of the ratio of injectant to priniaT-stream stag- 
nation pressures; da t i  are presented for two Xlach num- 
hers. Nitrogen and argon were used as injectants, and 
experiments n w e  conducted with two injector diameters. 

15 
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Fig. 6. Penetration of secondary jet into primary flow, nozzle-wall data 

The magnitude of the penetration height was found 
to depend directly on the equivalent injector diameter 
and to vary apliroximutcly with ( P , , , ,  P,,m)’G. No depend- 
ence on injrctor inoleciilar weight or specific heat ratio 
was noticcd whcn penetration heights for ii given total- 
pressure ratio \ v c w  compared. 

The data shown in Fig. 6 were obtained when the 
boundary layer was both laminar and turbulent. It is 
particularly iiitcrcsting to note that measured values of 
the penetration hc)ight \vcre not noticeably dependrnt on 
tlic stat(, of thc liountlary laycr, and comparison of thc 
JPI, and Cdtcdi data int1icatc.s that tlwy were not notice>- 
ably tlq~c~n(lc~nt upon thc 1)ountl;ir)l-Iayer thickness for 
valrics of h t l in t  ~ v c w  grc’atcsr tlia~l or (qt1i1I to the, 
l)oiintlnry-la\.c~~ tliickiwss. 

The data of Fig. 6 slio\v that the h<.iglit incrcasrs \\.it11 
incrcasing XIach n r i i n h  in thr primary stream. This is 
;i result of thc fact tliat for ;i givcm prilnary stagnation 

pressure, the local static pressure decreases rapidly with 
increasing Mach number. 

Theoretical values of the scale parameter are also 
shown in Fig. 6 for both Xlacli numbers. Thc agreement 
between the calculated and measured quantities is good 
over the whole pressure-ratio range studied, and the de- 
pendence on specific heat ratio, inolecular weight, and 
Xlach nrimhcr is correctly predicted. 

Values of pcnc.trntion heights were obtaincd in the 
JPL facility from shadowgraph photographs for a wide 
rang(’ of \lac11 num1)er and prcssure ratio. Coinparison 
of tliesc data with data obtained in the Caltech facility 
showed that thc JPL, flat-platc results were about 200% 
lo\ver than the conip;ir;iblc Caltcch n o ~ A c - ~ i l l  duta. This 
systcmatic diffcwncc is probably diic, to diffcrences in the 
optical systcms. Also, in  comparing thc data with the re- 
slllts prcdictcd from tlic modcl, it should be remembered 
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that the features examined on either schlieren or shadow- 
graph pictures are not the jet boundaries themselves, and 
hence that either the calculated scale factors or the meas- 
ured penetration heights can only be viewed as being 
proportional to the actual characterisic scale of the flow. 

Comparison of the flat-plate data and the resuits of 
Eq. (6) are shown in Fig. 7. Here, in order to facilitate the 
comparison of theory and experiment, all of the meas- 
ured penetration heights are increased by 20!%. The agree- 
ment between the trends predicted by theory and those 
found experimentally appears to be good, although the 
experimental data may have a slightly more rapid varia- 
tion with Mach number than is predicted from Eq. (6). 

Although the good absolute agreement between the 
predictions of Eq. (6) and measured values is fortuitous, 
the fact that the data agree so well in slope and shape 
over a range of injector diameter, injection pressure, and 

primary-flow Mach number indicates that the value G f  

the scale factor predicted by Eq. (6) is a useful measure 
of the scale of the interaction phenomena and suggests 
that the proposed model does include the pertinent 
physical phenomena. The success of this simple model in 
predicting the penetration heights also indicates that the 
gross features af the flow field can be characterized by 
a single dimension that is proportional to h. 

6. Shock Shapes 
As a further check on the suggestion that h is a char- 

acteristic dimension of the flow field, the shapes of the 
bow-shock waves, as seen from the side, were determined 
from schlieren and shadowgraph pictures for both the 
fiat-plate and nozzle-wall data. In all cases, the shock 
coordinates were normalized by values of h calculated 
from Eq. (6). In Fig. 8, a few typical cases from the nozzle- 
wall data are compared. The shock shapes plotted here 
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Fig. 7. Penetration of secondary jet into primary flow, flat-plate data 
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cover the maximum range of parameters studied in the 
Caltech supersonic wind tunnel, and are typical of the 
measurements made from more than 50 schlieren photo- 
graphs. The solid line in Fig. 8 represents the average 
of the data obtained from the JPL flat-plate experiments 
at a Mach number of 2.61. These data showed somewhat 
less scatter than did the nozzle-wall data plotted here. 

In Fig. 9, shock coordinates are presented for a range 
of Mach numbers that represent averages of shock-shape 
data from the JPL flat-plate experiments. This method 
of data presentation was chosen because the curves lie 
so close together that it would have been very difficult 
to visualizc the important features had the data points 
been plotted, yet their significance is lost if they are not 
directly compared. The scatter in the data is somcwhat 
lrss than that shown in Fig. 7, except wlicw the ciirvrs 
are dashed, in which caw the dificrilty in intcrprcting the 
photographs caused greater scatter. Some of  this dif- 
ficulty at the higher Mach nrimbcrs was caused by the 
unsteadiness in the flow field previously mentioned. The 
fact that the curves in Fig. 9 dl approach a single curve 

20 I 

REGIONS OF MAXIMUM SCATTER IN THE DATA 
ARE REPRESENTED BY DASHED LINES 

t 
x / h  

Fig. 9. Shock shapes showing Mach number effeci 

for small values of x / h  indicates that the properly 
normalized shock shapes near the injector port are 
nearly identical. Now, the shock location near the nose 
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of a blunt body in a supersonic flow is very weakly de- 
pendent on Mach number (for Mach numbers larger than 
about 2.0), but is strongly dependent upon the size of 
the body. Thus, Fig. 7 indicates that the dependence of 
h upon the free-stream Mach number is correctly pre- 
dicted by Eq. (6). 

It is again evident from study of these data that the 
normalized coordinates agree well and that the agreement 
appears to be independent of pressure ratio, specific heat 
ratio, injector diameter, and the condition of the boundary 
layer. In addition, the fact that the data from schlieren 
and shadowgraph pictures agree well substantiates the 
assertion that the observed differences in penetration 
height from these sources is a result of the differences 
between these two flow-visualization techniques. 

In order to check the influence of molecular weight on 
the process, some shock-shape data were obtained with 
helium as injectant. Unfortunately, schlieren and shadow- 
graph photographs taken with helium as injectant did not 
reveal the penetration distance directly. However, the 
bow shock was easily observed, e.g., in Fig. 4f, and in 
the normalized form agreed quite well with the other 
data. Here the data were normalized by values of pene- 
tration height calculated from Eq. (6) with experimen- 
tally determined values of the flow coefficient c. Hence, 
the characteristic dimension of the interaction that fixes 
the shock geometry is independent of molecular weight. 

The data discussed above concern the shapes of the 
intersection of the shock-wave surface with the x-z plane. 
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PO ./Pom = 30.2; h = 1.07 cm 1 
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Fig. 1Oc. Comparison of off-centerline shock radii with 
centerline shock shapes measured from schlieren 

pictures (reference); M E  = 2.61 

A three-dimensional picture of the shock shape produced 
by injection was obtained by Burden in the Caltech facil- 
ity (Ref. 2) in the following manner. At three different 
injection-pressure ratios, and thus at three different val- 
ues of h, position of the shock surface was mcxasured at 
a number of points off the s-z plane. These measurements 
were made by locating the off-axis shock surface with a 
Pitot probe, and then obtaining the probe position from 
a photograph. The shock coordinates were coiiipared with 
values obtained at the same axial s station. hilt for !I = 0. 
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Both measurements were made from the same schlieren 
photograph. Analysis of the data indicates that the shock 
surface is axisymmetric about a centerline that is parallel 
to the x-axis and is about one 1z from the wall. Figures 10a 
and 10b illustrate this result by comparing values of Z,,-h 
and R .  In Fig. loa, 2,- h is the height of the shock in 
the x-z plane, measiired from the axis line, which lies h 
above the wall and is in thc x-z plane. The radial distancc 
between the hypothetical axis and the point at which the 
Pitot probes meet the shock is R .  Both distances arc. 

normalized by h in this figure. Shock shapes as measured 
above are also compared with those measured in the x-z 
plane (indicated as “reference”) in Fig. 1Oc. In Fig. 10a 
and 1Oc the correlation of the data is qiiitc. good. 

For the data presented in Fig. 10, the boundary layer 
is about 0.5 cm thick, and it is possible that 6 and not h 
should be used as the offset for the shock centerline. How- 
ever, use of 6 instead of h as the offset distance for the 
axis leads to systematic errors in the correlation of shock 
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Fig. 1 1 a. Concentration measurements in the plane ( y / h )  = 0, injector region, with argon as injectant 
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coordinates for the two higher values of h. Hence, the 
good correlation of the data shown in Fig. 10, with the 
axis of symmetry located at h off the wall, indicates that h 
and not the boundary-layer thickness is the proper dis- 
tance for the location of the axis of symmetry. 

In summary, the tests show that the shock shape is 
axisymmetric about an axis lying in the x-z plane, and 
parallel to the wall but displaced a distance h along the 
z-axis from the wall. Given this axis, the curve in Fig. 8 
gives a complete description of the shock shape produced 
by injection at Mach 2.61. In addition, the shape appears 
to be independent of injectant molecular weight and 
boundary-layer condition as long as the penetration 
height is larger than the boundary-layer thickness. 

IO 

8 

6 

4 

2 

0 

POSITION SCALE 

C. Concentration Profiles 
A different type of check on the proposed scaling law 

is given by examination of the flow pattern of the in- 
jectant. The mixing of the injectant and primary flows 
has been examined by making analyses of gas samples 
drawn from various locations in the flow field. Measure- 
ments were taken at Mach numbel 2.56 iii :he nszz!e- 
wall injection system with argon and helium as injectant. 
The positions most thoroughly studied lie in the x-z 
plane, y = 0; a few positions for other values of y were 
also examined. In addition, a much smaller amount of 
data was obtained in the JPL facility at Mach 2.61 and 
3.50 and with both helium and argon as injectant. 

Data obtained with argon as injectant in the y = 0 
plane are shown in Fig. l l a  and l l b .  Here, the origin 
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Fig. 1 1 b. Concentration measurements in the plane ( y / h )  1 0, downstream region, with argon as injectant 
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Fig. 12. Concentration protites in several planes; (y/h)  = constant, M ,  zr 2.56, P,,, => 0.97 atm 
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of each concentration profile is superimposed at the ap- 
propriate position on a plot of the r-z plane, which also 
shows the bow-shock wave. In Fig. l l a ,  the region close 
to the injector is shown on an expanded scale, and the 
data points are presented in detail to illustrate the repro- 
ducibility of the experiments. All coordinates are normal- 
ized by calculated values of the scale parameter. The 
normalized diameter of the probe used to make these 
measurements is shown in Fig. l l a  for each value of h 
used in the experiments. 

The data in Fig. l l a  and l l b  show that near the in- 
jector the profile is sharply curved on the lower side of 
the maximum, but that downstream of x / h  ~ 4 ,  the 
profile is roughly Gaussian except for a slight wall- 
interference effect. It is obvious that the observed pene- 
tration height and calculated scale factor correspond 
much closer to the line of maximum concentration than 
to the outer edge of the injectant stream. 

x / h  =2.08 
b, cm 

0 0.523 
0 0.782 

04A I I I 
0 2 h 7  z/h= 2.00 i 
0 

0.6.L I I I 

I 
U.L z/h = 1.60 
0 I 

U. L z/h = 1.20 
0 I 

0 0.5 1.0 1.5 

Y / h  

For x / 12 z 2, the maximum concentration was found 
to be less than 0.80; thus, even this close to the injector, 
the injectant is already substantially mixed with the pri- 
mary flow. Further downstream, mixing is slower. From 
this result, it is obvious that the no-mixing approximation 
made in the model can only be useful close to the 
injector. 

Measurements made on planes other than y = 0 are 
shown in Fig. 12 for two values of x/h .  These data and 
those shown in Fig. 11 have been used to obtain the 
cross plots and concentration profiles shown in Fig. 13 
and 14. In Fig. 13, cross plots of concentration vs y/h 
for a number of values of distance above the wall, x/h, 
and for two values of r:h are shown. Above the con- 
centration maximum, the cui\ es are again roughlf 
Gaussian, but below it they have a definite concentra- 
tion minimum on the y / l i  = 0 axis. This minimum is 
present at both x la stations. but is much less marked 
at  x 'h = 12.3. 

h =0.523 cm 
x / h  = 12.3 

z/h = 2.80 
0 

&? 0.1 
z/h = 2.00 

0 

0.3 I I 1 1 I 

0 0.5 

Y / h  

Fig. 13. Crossplots of argon-concentration profiles in planes for which ( z / h )  = constant, M = 2.56, 
P,,% = 0.97 atm 
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Fig. 14. Concentration contours in the planes ( x / h )  =2.08 
and ( x / h )  = 12.3; M ,  = 2.56; P,,, = 0.97 atm 
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The concentration profiles of Fig. 14 show the extent 
of this minimum more clearly. Here, lines of constant 
concentration in the (y/h)-(z/h) plane are presented. The 
solid points shown in Fig. 14 were obtained by interpola- 
tion of the data of Fig. 11 and 12, and the dashed curves 
are from a double interpolation of the data. The shapes 
of the two plots are roughly similar, although the x/h 
dimension appears to be growing slightly more rapidly 
than the y/h dimension. 

The kidney-shaped cross section seen in the concen- 
tration profiles of Fig. 14 suggests that a vortex is shed 
from either side of the injectant jet, The vortex filaments 
appear to be roughly parallel to the wall, and with vor- 
ticity such that, near the wall, primary gas is swept in 
toward the centerline of the flow, i.e., toward y/h = 0. 
This type of vortex structure has been observed by other 
workers for subsonic injection into a subsonic stream 
(Ref. 8). Such vortices may explain the steep gradients 
in concentration observed at the x/h =. 2 position. 

The data presented in Fig. 11-14 were obtained with 
argon as injectant. Similar data obtained with helium are 

POj/POm 4 c r n  

0 3.34 0.353 
A 4.25 0.409 
Mm = 2.56 dJc = 0.101 crn 

PO, = 0.97 otrn 
K H ~  = MASS FRACTION 

OF HELIUM 

KHe KHe Ktfe 

Fig. 150. Concentration measurements in the plane ( y / h )  = 0, with helium as injectant 
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shown in Fig. 15a. As would be expected, these curves, 
presented in terms of mass fractions, are not identical 
with the argon data, since the two situations are not 

5.c 

4.0 

3.0 

c 
\ 
4 

2.0 

I .o 

0 

I I I I I I I I I 

INJECTION h, cm 
o ARGON 0.353 
A HELIUM 0.353 

x/h = 12.30 
PO, = 0.97 atm 

Ma, = 2.56 

0 0.4 0.0 1.2 1.6 2.0 

K/KhlOX 

Fig. 15b. Comparison of argon and helium 
concentration data 

directly comparable because of differences in molecular 
weight. The difference becomes more marked with in- 
creasing r/h. The nature of the difference is more clearly 
shown in Fig. 15b, in which the profiles for helium and 
argon at x/h  = 12.3 are compared with the concentration 
values normalized by the maximum value. The curves 
are similar, bzt the helium profile is lower than that for 
argon. 

Although the general shapes of the curves shown in 
Fig. 15b are quite similar, such features as jet width and 
distance of maximum concentration line from the wall 
are definitely smaller with helium as injectant. Hence, in 
the coordinates used here, the helium jet spreads more 
slowly than the argon jet. 

Measurements made in the JPL facility are presented 
in Fig. 16a through 16d, in which data are given for 
helium and argon injection, and for Mach numbers 2.61 
and 3.50. Fewer data points were obtained, and measure- 
ments are shown only for x / h  =: 12 and =: 20. The data 
at  Mach number 2.61 and r / h  = 12.3 are compared in 
Fig. 16a with those obtained in the Caltech facility. The 
primary difference between the test conditions is that the 
ratio of penetration height to boundary-layer thickness 
h/6 is about 1 for the Caltech tests and about 1.7 and 3.4 
for the JPL work. The data agree roughly at r /h  = 12, 
but the curves corresponding to larger values of h/S are 
siig'nliy fd!ci z e x  the wall. and it seems reasonable to 
ascribe this difference to a boundary-layer eifect. Some 
data were also obtained for injection at Mach number 
3.50. These are qualitatively similar to data already dis- 
cussed. However, as the Mach number is increased, the 
spreading of the jet appears to be reduced somewhat. 

To summarize the results of the concentration meas- 
urements, argon data have been presented for stagnation- 
pressure ratios that give about a 2.2~1 change in 
penetration height. The normalized concentration pro- 
files shown in Fig. 11-14 are almost identical over this 
scale change. These data are also insensitive to the 
state of the boundary layer, since both laminar and 
turbulent layers are included. Hence, it is apparent that 
the scaling rule given by Eq. (6) is valid for the mixing 
process, too, when a single injectant is considered and 
when changes in scale by not more than a factor of 2 
are considered; the good agreement of the data suggests 
that much larger changes could be adequately treated. 
There is a suggestio11 that t!ie hundary-layer thickness 
may have a secondary effect on the profiles. 
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Fig. 16. Concentration, total-pressure, and velocity profiles in the plane ( y / h )  = 0, flat-plate data, 
turbulent boundary layer 
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D. Velocity and Total-Pressure Profiles 

Measurements made in the Caltech facility (Ref. 2) for 
argon injection are presented in Fig. 17-20, which 
give velocity, Mach number, and total-pressure profiles 
normalized by the respective free-stream values. A single 
set of injection and free-stream conditions was maintained, 
and data are presented for four valucs of 1/11 between 
r /h  ~8 and x / h  z 15. At each axial station, data are 
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0 
0 0.2 0.4 0.6 0.8 1.0 

given at  the centerline and at two off-axis positions. The 
argcn-concentration data presented earlier were used to 
compute the effective, specific heat ratio and molecular 
weight for each of the velocity, total-pressure, and Mach 
numbc>r data points. For the values of x, h at which argon 
concentration data had not been obtained the available 
concentration data were liiiearly interpolated or extrapo- 
lated. The results of thcw interpolations or extrapola- 
tions are prescnted as solid lines without data points 

1 
y/h = 0.61 I y /h  1.222 

Fig. 17. Velocity, Mach number, and total pressure profiles with argon as injectant for ( x / h )  = 8.49; 
M ,  = 2.61; V ,  = 585 mlsec; P,,% = 73.69 cm Hg; (P,,j/P,tm) = 7.77; and h = 0.5202 cm 

0 0.2 0.4 0.6 0.8 1.0 o 0.2 0.4 0.6 0.0 1.0 

Fig. 18. VeJocity profiles with argon as injectant for ( x / h )  = 10.49; M,  = 2.61; V ,  = 585 mlsec; 
P,,, = 73.69 cm Hg; ( P ( , j / P , , , m )  = 7.77; and h = 0.5202 cm 
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in Fig. 17-20, The velocity, total-pressure, and Mach 
number profiles \vere found to be very insensitive to errors 
in argon concentration in the conceiitration range en- 
countered, so that the interpolated or extrapolated values 

The iwa! total pressure and Mach number were cal- 
culated with the assumption that the local static pres- 
sure \vas constant and equal to its value at the wall. 
Esamination of wall static-pressure data sho\vs the static - 

appeared to be quite satisfactory. 
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pressure to be approximately constant and equal to the 
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Fig. 19. Velocity and  total-pressure profiles with argon as injectant and  velocity profiles without injection 
for ( x / h )  = 12.49; M ,  = 2.61; V ,  = 585 m/sec; P,, = 73.69 cm Hg; (P,,j/P4,z) = 7.77; 

a n d  h = 0.5202 cm 

0 0.2 0.4 0.6 0.8 1.0 

Fig. 20. Velocity profiles with argon a s  injectant foi  k?k!  -- 15.49; M - 2.61; V ,  = 585 m/sec;  
P,,, = 73.69 cm Hg; (P , ,3 /P , , , )  = 7.77; and h = 0.5202 cm 
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undisturbed static pressure for x / l z  greater than 8 and 
for y/h in the range of zero to at least 4.3. Because the 
wall static pressure was found to be nearly constant in 
this downstream region, the assumption of constant static 
pressure away from the wall is a reasonable one in this 
limited region. 

Note that each of the velocity, total-pressure, and 
Mach number profiles in Fig. 17-20 exhibits two maxima 
at most locations and that these occur at the same values 
of z / h .  Also, the curves have a minimum near the maxi- 
mum value of argon concentration. This is reasonable, 
because the velocity which the argon would attain by 
expanding isentropically from its stagnation pressure to 
the free-stream static pressure is only about 89% of the 
free-stream velocity for this set of test conditions. How- 
ever, note that the velocity attained is much less than 
90% of V, and the total pressure of the argon-air mixture 
is only about 25% of the free-stream pressure and about 
3% of the P,, , .  The very large total-pressure defect in this 
region indicates that most of the total pressure of the 
injectant has been dissipated in the turning process. 
Indeed, the observed velocity profile would be roughly 
given by assuming constant pressure mixing between the 
primary flow and the appropriate mass fraction of argon 
with no momentum in the x-direction. 

The velocity profiles (Fig. 17-20) approach the free- 
stream velocity with increasing x / h ,  but there is still a 
substantial velocity defect at x j h  z 15, and y/h = 0 and 
0.611. In Fig. 19, boundary-layer profiles with no injec- 
tion (the solid points) are superimposed upon the velocity 
profiles obtained with injection, and it can be seen that 
the flow near the wall is characteristic of the undisturbed 
boundary layer at the two off-axis stations and somewhat 
less so at the axis. Similar velocity and total-pressure data 
were obtained in the JPL facility for the conditions at 
which concentration data were presented. The results 
are quantitatively similar to those discussed above. 

A composite plot of argon-concentration contours and 
totalpressure contours at x / h  12 is given in Fig. 21. 
The concentration contours are the same as those in 
Fig. 14 for this axial station. It can be seen that the shapes 
of these contours arc’ similar, but the kidney shape is 
somewhat less pronounccd in the case of the total-pressure 
contours. The shape of the total-pressure contours is a 
further indication of the presence of the two vortices 
mentioned earlier. It is clear from Fig. 21 that the mo- 
mentum defect is closely associated with the injectant 
flow. 
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Fig. 21. Concentration and total-pressure contours with 
argon as injectant; Ma z 2.61 ; P,a z 0.974 atm; 

(P,,i/Poa) = 7.77; h z 0.52 cm; ( x / h )  12 

E. Wall-Pressure Distribution 

The experimental results discussed up to this point 
concern the gross features of the flow field produced by 
secondary injection. It has been shown that these features 
are approximately independent of the state of the bound- 
ary layer and of the boundary-layer thickness for values 
of h as small as the boundary-layer thickness or somewhat 
less, and that a simple model of the flow leads to the 
calculation of a single characteristic dimension, h, which 
is a satisfactory scaling parameter. In contrast, when 
examining the flow field near the wall, the state of the 
boundary layer is very important because of its influence 
on the interaction between the bow shock and the 
boundary layer. 

For example, when the layer is laminar, the interaction 
between the bow shock and the boundary layer causes 
the layer to separate far upstream of the interaction 
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region, and the separation angie is qtiite ma!! (see Fig. 4). 
However, when the layer is turbulent, the separation 
point is much closer to the interaction region, and the 
separation angle is much larger. Hence, it is evident that 
the static-pressure distribution on the wall under the 
separated regions will be quite different for turbulent 
and laminar boundary layers. In addition to the state of 
the boundary layer, two other parameters might be 
expected to play an important role in fixing the pressure 
distribution. These are the boundary-layer thickness and 
the injector diameter. 

In this Section, it will first be shown to what extent 
simple scaling with h leads to a correlation of the data 
for laminar and turbulent boundary layers. Then the 
influence of the ratios of injector diameter to h and 
boundary-layer thickness to h will be examined. Before 
examining the influence of various parameters on the 
wall-pressure distribution, it will be useful to examine 

the typical set of data shown in Fig. 22a and 22b. Here, 
a pressure map and the pressure distribution along the 
x-axis are given for a turbulent boundary layer and a 
Mach number of 2.61. The injectant is nitrogen and the 
ratios of penetration distance to hole size and boundary- 
layer thickness are 4.03 and 2.9. In both figures, pres- 
sures are normalized by the free-stream static pressure 
and all scales are nonnaiized by cakubied va!i;cs sf the 
penetration height. 

Consider first the pressure map in Fig. 22a. The pres- 
sure rises beneath the intersection of the shock system 
and the wall. The rise is highest just upstream of the 
injector and dies off as the distance along the shock 
from the forward stagnation point increases. Between 
this region of high pressure and the centerline, y = 0, 
the gas pressure drops below the ambient value. The 
pressure decrease is most marked just downstream of the 
injector and dies out as the distance from the injector 
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Fig. 22a. Preisijre map fo: f!d-p!ate measurements at M 5o = 2.61 with nitrogen a s  injectant; 
turbulent boundary layer 
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Fig. 22b. Flat-plate static-pressure measurements in the plane (y/h) = 0 with nitrogen as injectant; 
turbulent boundary layer 
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Fig. 23. Flat-plate static-pressure measurements in the plane (y/h) = 0 at M ,  = 2.61 with nitrogen 
as injectant; turbulent boundary layer 

increases. Finally, some distance downstream of the 
injector, a spreading region of ambient pressure lies on 
either side of the centerline and forms the downstream 
boundary of the low-pressure region. Although details 
vary with experimental conditions, this pressure map is 

typical of all those obtained in the present experimental 
program. 

The pressure variation is most rapid along the x-axis 
and hence pressure data obtained along this axis can be 
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3.0 

used to compare the distributions obtained under various 
test conditions. A plot of this type is shown in Fig. 22b 
for the test conditions given in Fig. 22a. The pressure 
rise upstream of the injector is very rapid, and because 
of the finite number of pressure taps in this region, it is 
not always precisely defined. The pressure gradient down- 
stream of the injector is smaller and is much better 
defined by the data. 

I I I I I I I I I I I I 

M, =2.56 d& =0.0956 cm 

In presenting the data obtained along the x-axis 
(Fig. 22b), it was not always possible to show all of the 
data points or even data from all of the injectant con- 
ditions tested. To keep the figures intelligible, representa- 
tive injection conditions are used (usually maximum, 
intermediate, and minimum injection pressure) and in 
some of the figures only one set of data points is shown. 
The scatter in the data for which only average curves are 
given is similar to that of the data which are presented. 

2.0 

$ 1.5 

1.0 

0.5 

To check the scaling of the wall-pressure field with 
penetration height, plots of the form shown in Fig. 23 
were compared for data obtained at a fixed Mach number 

- 

- 

- 0 

- 

and a range of hole sizes, injectant total piessurc and 
inolecular weight, and free-stream total pressure. Data 
obtained in the Caltech facility at Mach number 2.56 are 
shown in Fig. 24. Upstream of the injector located at 
x/h =. 0.49, the data are scattered partly due to experi- 
mental technique and partly due to the dependence of 
thc separatinn phenomena on the state of the boundary 
layer. Downstream of the injector, the pressure data are 
again somewhat scattered, but the scatter in values of 
x/h at which the pressure returns to the ambient value 
is only about 30%. This is certainly small compared to 
the 7 : l  variation in penetration heights used in these 
experiments. Off-axis data presented in Fig. 25 and 2.6 
show a similar agreement. It is evident that simple scaling 
of the pressure field with the penetration height gives 
a good general correlation of the data and also that 
certain discrepancies in scaling are present. 

Examination of the JPL data for which more detailed 
pressure distributions could be obtained (Fig. 23, 27-32) 
gives the same results. Consider Fig. 23 in which data 
obtained at Mach number 2.61 for a turbulent boundary 
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Fig. 24. Nozzle-wall static-pressure measurements in the piane i y i h l  = 0 with nitrogen 
and helium a s  injectant 
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Fig. 25. Nozzle-wall static-pressure measurements 
in off-axis planes with nitrogen as injectant, 

( y / h )  = constant 
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Fig. 26. Nozzle-wall static-pressure measurements 
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Fig. 27. Flat-plate static-pressure measurements in the plane ( y / h )  = 0 at M = 2.01 with nitrogen 
a s  injectant; turbulent boundary layer 
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Fig. 28. Flat-plate static pressure measurements in the plane ( y / h )  = 0 at M ,  = 2.61 
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Fig. 29. Flat-plate static-pressure measurements in the plane ( y / h )  = 0 at M,  = 3.50; turbulent boundary layer 
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layer are shown. The data fall into two groups: first, for 
h > 0.4 cm, good correlation of the data was found. These 
data are represented by the data for h = 0.818 and 1.97 
in Fig. 23. Second, when h < 0.4 cm, the scaling failed 
in the region upstream of the injector. As h decreased, 
the value of x/h at which separation started became 
more negative. These data are represented by the data 
for h = 0.30 cm given in Fig. 23. Data from the Caltech 
facility are also shown for comparison. 

I I 1 I I I I I I I 

h, cm 

0 2.02 
3.25 
0.692 -.-.- 

M, = 3.50 
Po, = I .02 atm ! - 

- 
- 

The only region in which the “large” h data do not 
scale well is in the reattachment region around x/h =: 4. 
There is a systematic variation in the maximum pressure 
obtained in this region. As h increases, the peak pressure 
in this region also increases. 

0 

The results discussed in the last few paragraphs are 
typical of those obtained at Mach numbers of 2.01, 3.50, 
and 4.54. Data for these Mach numbers and a turbulent 
boundary layer are shown in Fig. 27, 29 and 31. 

I I I I I I I 

Note that the pressure distribution along the x-axis is 
surprisingly similar for this range of Mach numbers. The 
static pressure first returns to the ambient value in the 
neighborhood of x /h  =: 2.7 at Mach 2.01 and r /h  z 3.5 
at Mach 4.54. However, note that the pressure overshoot 
is most apparent for the lower Mach numbers and for 
large values of h, and that for the values of h obtained 
at Mach 4.54 no overshoot was obtained. In addition, the 
off-axis data (Fig. 25 and 26) show that for y/h > 1.5 
the differences became negligible again at all Mach 
numbers. In general, the correlation between the off-axis 
data was similar to that presented in Fig. 23 and 27-32 
for the x-axis data. 

When the boundary layer is turbulent, scaling appears 
to be excellent so long as h is greater than a lower limit 
of about 0.5 cm with the exception of the variation in the 
small region about x / h  4. However, scaling for the 
laminar case is less satisfactory. The problem is shown 
in Fig. 28, 30, and 32, in which data for Mach numbers 
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Fig. 32. Flat-plate static-pressure measurements in the plane (y/h) = 0 at M = 4.54 with nitrogen a s  
injectant; laminar boundary layer 

3.61, 3.50, and 4.54 are given. Downstream of the injector, 
the data correlate about as well as they did for the 
turbulent case and show the same systematic discrepancy 
in the reattachment region. However, upstream of the 
injector the data do not correlate at all. This is clearly 
due to the fact that the boundary-layer separation dis- 
tance does not scale with h. I 

To supplement the pressure data discussed up to this 
point, pressure maps are presented in Fig. 22a and 33- 
36 for the range of test conditions shown in Fig. 2732 .  
In all cases, the data were obtained in the JPL facility. 
Note in particular that the region of pressure overshoot, 
shown for instance in Fig. 32a about the point x /h  = 3.5, 
y/h = 0, is small and hence would not make a great 
contribution to the integrated value of pressure force 
on the wall. 

In summary, these data indicate that for a turbulent 
boundary layer the proposed scaling procedure is accu- 
rate exccpt (1)  when h is “small” and (2) for the reattach- 

I ment region around the point x / h  = 4, y/h = 0. For the 

laminar case, the pressures in the boundary-layer sep- 
aration region do not scale properly, but farther down- 
stream the flows are similar with the same exceptions 
noted for the turbulent case. 

The value of penetration height at which scaling fails 
in the JPL tests was in the range of 0.1-0.3 cm. For these 
tests, the thickness of the boundary layer on the wall, 8, 
is about 0.3 cm, and in addition, the diameter d of the 
injection holes used in the experiments is about 0.250 cm. 
It is reasonable to expect that the proposed scaling pro- 
cedure would begin to fail when either h < 8 or h < d .  
Comparison of data obtained with small h and a range 
of hole sizes from d z .076 to 0.25 cm shows that the 
boundary-layer separation point begins to move forward 
when h /d  approaches 1. For example, when h = 0.30 cm 
for the test conditions given in Fig. 23 and when (1 = 0.250 
cm, the broken curve shown in Fig. 23 is obtained. A sec- 
ond test with the same boundary layer and with h = 0.309 
cm but with d = 0.076 cm gave a distribution almost 
identical to the dashed curve in Fig. 23. Examples of 
pressure distribution obtained with these small-diameter 
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I 

injectors, d = 0.075 cm, are shown in Fig. 37a, b, and c, 
for a turbulent boundary layer about 0.5 cm thick. In all 
cases whcre it is possible to identify the upstream sep- 
aration point, the normalized value agrees well with 
that with the “large” h data given in Fig. 37a and in 
previous figures. Hence, h/tl appears to be the parameter 
that govcrns the observed phenomena, and when this 
parametcr is close to or less than unity it is important 
in fixing the boundary-layer separation point. 

This dependence on the ratio h/d  is reasonable from 
the following point of view. The gases leaving the injec- 

tor port have the shape of a frustum of a cone with the 
small end covering the port. As long as h > > (1, the 
geometry of the obstacle will be independent of d and 
hence the separation phenomena will scale with h. How- 
ever, as h approaches tl, the geometry of the obstacle will 
depend on d as well as h and consequently the proposed 
scaling law will break down. 

Similar tests were curried out to determine the influ- 
ence of h on the pressure distribution in the reattachment 
region. In Ref. 6, it was suggested that the pressure vari- 
ation in this region was caused by the fact that h was 
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Fig. 37 (Cont’d) 

changed by changing thc injectant total pressure P, , , .  
Therefore, the pressure ratio through which the injectant 
expands increases with increasing 1 2 .  This increase in 
pressure ratio was belicwed to be accompanicd by an 
increase in the average Mach numbcr of the injectant 
flow just upstream of reattachment. Since the attachment 
of the jet to the wall was believed to be associated with 
a turning of the injectant flow through a comprcssion- 
wave system, the resulting pressure overshoot on the wall 
would increase as the injection pressure and the local 
upstream Mach number is increased. In the present work, 
the validity of this argument was tested by comparing 
pressure distributions of flows in which the total pressure 
of the injectant was held fixed and for which h was 
changcd by changing the diamctcr of the injector. The 
results (see Fig. 38) clearly show that the pressure over- 
shoot changcxs rapidly with hole, size, and therefore that 
the hypothrsis suggested in  Rcf.  6 is incorrect. 

A sccond hypothcsis is that thr boundary-layer thick- 
ness is thcl important parametvr. This was checked by 
comparing pressure distributions for tests in which the 
injection total pressure and hole size were changed so 
that 11 was held fixed. Sincc the boundary-layer thickness 

was also hcld fisctl, 1i/8 was constant. The results, pre- 
sentcd in Fig. 3921, 39b, antl 40 for Mach number 2.61 
antl 3.50, are in very good agrcwnent despite the two-to- 
one changc in injcctor diameter. This suggc,sts that the 
ratio h ’ 8  is important in fixing the phenoinc~na responsi- 
ble for the prcssurc overshoot at the rclattachinent point. 

The only direct mcmurc of the influcmce of boundary- 
layer thickness that can bc made from the present test re- 
sults is that given by comparing the JPL and Caltech data. 
The boundary-laycr tliickncss for n turbnlent boundary 
layer at AI, = 2.61 was :iboiit 0.3 cm in thr JPL tests 
and about 0.50 cm in the Caltc.ch tests. For none of thc 
Caltech tests carried out with a tiirhul(vit boundary layer 
(see Fig. 24) was 11,’8 > 1.0, and for nonr of thcw was a 
pressure ovc~rshoot obscwctl. This is in agrccment with 
the JPL tests, in which no ovcmhoot was found when 
h/8 < 1. (In subscqucnt tcbsts roportcd in Ref. 2, values 
of h/8 -2 were obtaincd i n  thc Caltcdi facility and the 
overshoot was obscmwl.) 

The data presented in Fig. 39 ; l i d  40 can be inter- 
preted on the basis that the parameter governing the 
pressure rise in the reattachment region is the ratio of 
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Fig. 38. Flat-plate static-pressure measurements in the plane (y/h) = 0 at M,  = 2.61 with nitrogen 
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penetration height to boundary-layer thickness. A more 
direct test is required to conclusively prove this hy- 
pothesis. 

f. Helium :njSction 

The pressure measurements discussed up to this point 
were camed out with nitrogen as the injectant. The in- 
fluence of changing molecular weight and spec& heat 
ratio y were investigated by making tests with helium 
as injectant. 

Comparison of pressure distributions at  Mach num- 
bers 2.61 and 3.50 arc given in Fig. 41, 42a, 42b, and 43 
for turbulent and a laminar boundary layers. At both 
conditions, the normalized distributions upstream of the 
injector for nitrogen and helium injection are identical. 
However, there are systematic differences in the down- 
stream distributions and these become more important 
as the Mach number increases. The off-axis cuts at Mach 
number 3.50 show that these differences are most im- 
portant along the x-axis and in the reattachment region. 
This fact is also evident when pressure maps for nitrogen 

(Fig. 22a, 34, 35) and those for helium (Fig. 44, 45, and 
46) are compared. In particular, compare Fig. 22a and 
44, for which the free-stream cvnditions and the values 
of h are nearly the same. 

These data indicate that the shock system and 
boundary-layer separation caused by injection of helium 
and nitrogen are the same when equal values of h are 
used and, hence, show that the effective obstacles cre- 
ated by injection are the same. However, differences of 
pressure distribution in the reattachment region indicate 
that this zone is strongly affected by the composition of 
the injectant. In general, higher pressures were obtained 
in this region with helium than with nitrogen. 

G. Scaling of Other Published Data 

Several papers appearing in the literature have pre- 
sented pressure distributions on flat plates with secondary 
injection (Ref. 5, 9, 10, 11), which are similar to the 
results of experiments described in this Report. Data 
from the paper by Cubbison, Anderson, and Ward 
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Fig. 41. Effect of injectant properties on flat-plate static-pressure measurements in the plane ( y / h )  = 0 
at  M,  = 2.61 with nitrogen and helium as injectant; turbulent boundary layer 
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Fig. 47. Correlation of pressure data from Ref. 9 

(Ref. 9) were considered to be the most directly com-. 
parable to those presented here. Figure 47 presents six 
pressure distributions in the plane y = 0 for two Mach 
numbers; the data are plotted in the manner of Fig. 23, 
except that the original pressure-coefficient notation was 
retained. The correlation of the data is seen to be quite 
good, except in the separation region upstream of the 
injector at free-stream Mach number 4.84. It should be 

noted that for the two largest values of h, at A I ,  = 4.84, 
the boundary layer was separated up to the leading edge 
of the plate, thus precluding any similarity in that region. 

H. Two-Hole Injectors 

Exploratory experiments were made to investigate the 
pressure distribution when nitrogen was injected through 
two holes separated by a few diameters. The holes were 
aligned so that their common centerline was perpen- 
dicular to the flow direction. Shadowgraphs of the inter- 
action produced by injection with this geometry are 
shown in Fig. 48a through 48c for a turbulent boundary 
layer and Mach number 2.61. The interaction region up- 
stream of the bow shock is greatly enlarged for this case 
due to the interference effects between the two jets. 

A pressure map for a typical example is shown in 
Fig. 49. There is a large region of interference between 
the injection ports, which greatly enhances the areas of 
the high-pressure region upstream of the injectors and the 
areas of the low-pressure region downstream of the 
injectors. 

Comparison of pressure distributions along the x-axis, 
whose origin was taken upstream of the center of one of 
the holes, is shown in Fig. 50 and 51. In both figures, 
data are presented for geometries in which the distance 
between hole centers, Y,,, normalized by h is held con- 
stant. The correiaticm is good evez when different values 
of h are used. 

The data presented in Fig. 4851  were obtained for 
Mach number 2.61 and a turbulent boundary layer. Sim- 
ilar tests were made at Mach number 4.54, and the 
resulting pressure maps are shown in Fig. 52, 53, and 54. 

In conclusion, these brief tests with the two-hole in- 
jector indicate that the scaling laws set up for the single- 
hole geometry are satisfactory for scaling the interaction 
produced by injection through two holes and, hence, 
probably for an array of holes. 
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Fig. 48 .  Shadowgraph photographs; flat-plate data; double-hole injectors 
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Fig. 48. (Con t' d 1 
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VI. DISCUSSION AND CONCLUSIONS 

Quantitatively, the results of the shock-shape, concen- 
tration, and pressure measurements indicate that the 
scaling parameter h is satisfaciuly foi thc range of vari- 
ables investigated, with the previously mentioned re- 
striction that it be about equal to or greater than the 
separated boundary-layer thickness and larger than the 
injector-hole diameter. The correlation of the shock and 
concentration data was excellent, but it appears that the 
restrictions to the applicability of the scale parameter 
arc more severe for the static-pressure distribution on 
the wall. Lack of similarity in the pressure data was ob- 
served in the laminar boundary-layer separation region 
and in the reattachment region do\vnstream of the in- 
jector. I n  these regions, it is apparent that a simple one- 
parameter scale transformation cannot give a detailed 
correlation of the pressure data and that the ratios of 
scale height to boundary-layer thickness and to injector 
diameter can be important parameters when these ratios 
are equal to or less than one. 

A. Review of Flow Models 
A number of models have been suggested by other 

'iuthors that lead to a calculation of a scale height for 
secondary injection (for example, see Ref. 12-15). Un- 
fortunately, most of these models are for two-dimensional 
flow and are not directly appiicabie. 'iuwevei, it is sti!! 
possible to compare their approach to the one used in 
this Report. 

The assumption used in one type of model was that 
the penetration height is fixed by the area required to 
pass the mass flow of injectant after it expands isen- 
tropically to the local ambient pressure (Ref. 12). In the 
model proposed in this Report, this assumption leads to 
the result that the penetration height depends only on 
the ambient static pressure and injectant specific heat 
ratio, and is independent of the momentum of the free 
stream. These conclusions are not in agreement with the 
experimental results. 

'4 second type of model (e.g., Ref. 13) is based on the 
assumption that the separated boundary laver is tangent 
to the top of the injectant stream, and that side force 
is only generatcd upstream of the injector port. The 
experimental work presented in this Report indicates 

less than the boundary-layer thickness. Furthermore, 
analysis of the results of Newton and Spaid (Ref. 16) 
shows that with gaseous injection, the major portion of 

LL 1 1 1 i i t  suc?: 3 :nodel is x.&d only when the scale height is 

the side force is applied downstream of the injector port. 
They found that there was still a small positive contribu- 
tion to the side force for ( x / h )  > 12. Although this work 
was carried out in a conical rocket nozzie, the r e d s  
should apply at least qualitatively to the present 
discussion. 

Additional information is furnished by analysis of the 
results of IValker, et al. (Ref. 17), who worked with a 
conical nozzle that had injector ports of various diameters 
located close to the nozzle exit. The values of specific 
impulse of side injection I , ,  from Ref. 17, are given in 
Fig. 55 a s  a function of the ratio of distance between 
injector port and nozzle eyit to values of the scale param- 
eter calculated from Eq. (6). In these experiments, the 
ratio of the distance between the injector and nozzle 
exit to h varied from about 2.9 to 8.5, and the correspond- 
ing specific impulse for secondary injection increased by 
a factor of about 1.4. These results can also be interpreted 
as showing the effect of systematically increasing the wall 
area on which the pressure disturbances act from an area 
corresponding to ( x / h )  = 2.9 to (x/A) = 8.5. For this con- 
figuration the contribution to side force is small when 
( x / h )  > 7. This result agrees with the analysis of the 
data of Newton and Spaid (Ref. 16), discussed in the 
preceding paragraph, and shows that the downstream 
cn:ttrihutic?n to side force is very important. 

A third model is that proposccl by Broadwell (Ref. 14), 
in which the blast-wave theorv was used to obtain a 
pressure field on a flat plate. The scale of this pressure 
field was detemiined by calculating a value for drag 
produced by injection and equating this to the energy 
added to the free stream per unit length. This drag is 
therefore completely analogous to the change in the 
s-component of momentum of the jet in the present 
model [Eq. (3) ,  (4), and (5)]. A value of drag, then, cor- 
responds to a scale height, so that these two approaches 
can be compared. In Ref. 14 the drag, or energy per 
unit length, is calculated by assuming first, that the in- 
iected material reaches the velocity of the undisturbed 
free stream. and second, that the effect of adding mass 
can be taken into account by adding heat to a part of 
the free-stream flow sufficient to produce the same vol- 
ume change that would be produced by  mass addition. 
The result of thi5 calciilation is as follows: 
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Fig. 55. Variation of side specific impulse with normalized distance from injector to nozzle exit 

In order to compare the effect of these assumptions 
with the present model, an equation for scale height 
similar to Eq. (6) was derived by substituting Eq. (10) 
for Eq. (5) in the present derivation. The resulting equa- 
tion, analogous to Eq. (6), gave very nearly the same 
Mach number dependence a s  Eq. (6), but showed a 
strong dependence upon the molecular weight of the 
injectant at a constant value of ratio of free-stream pres- 
sure to injection pressure. This dependence was not ob- 
served. These results indicate that the scale of the flow 
field is probably determined b y  an isentropic expansion 
of the jet in the immediate vicinity of the injector, rather 
than by the acceleration and mixing process between the 
jet and the free-stream material, which occurs farther 
downstrcwn. T h e  results and conclusions are also in 
accord with the fact that the drag of a slender, blunt- 
nosed body at high Mach numbers is dctcrmincd d ' 1 most 
entirclly by thc characteristic nosc.-hluntness dimension 
(Rcf .  18). 

B. Review of the Flow-Field Characteristics 

The concentration and pressure data have now made it 
possible to add some details to the qualitative description 

of the flow field presented in Section IV. It has been 
shown that the jet mixes very rapidly as it leaves the 
injector, and much more slowly for ( x / l z )  greatcr than 
about 4. The jet is approximately parallel to the wall at 
( x / l z )  = 3. 

A pair of vortices apllear to be shed from the jet near 
the injector; these accelerate the mixing process and re- 
sult in a region of low concentration of injectant material 
in a region immediately downstream of the jet near the 
wall. The flow is separated just downstream of the in- 
jector and appears to reattach to the wall in the region 
3 (x; h )  7 4. This rcattachmcmt may be accompanied 
by a compression-wave system, increasing in strength 
with the ratio of jcbt to frcc%-streain stagnation pressure 
and with dcwcming free-strcaam hlach numl)c,r. 

The charactcbr of the, boundary-layer separation for 
injection into a turbulent boundary layer is quite different 
from the separation of a laminar boundary layer. The 
pressure rise due to turbulent separation extends only 
slightly upstream of the bow shock, but the laminar 
boundary layer separates far upstream. In neither case, 
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however, does the height of the separated boundary layer 
approach the height of the jet, if the jet height is much 
greater than the undisturbed boundary-layer thickness. 
This result is quite different from the results obtained in 
boundary-layer separation studies with a two-dimensional 
step (Ref. 19). Part of this difference seeiiis to be the 
result of the inherent difference between two- and three- 
dimensional obstructions; the boundary layer can simply 
go around the three-dimensional object, but the flow must 
all go over the top of the two-dimensional one. In addi- 
tion, the jet shape near the wall, discussed at the end of 
Section IV, tends to provide clearance for the boundary 
layer. 

C. Applications of the Scaling Law to 
Scaling of Forces 

If the scaling law, as developed earlier in Eq. (6), can 
be taken as a good approximation, then it is easy to pre- 
dict the variation of the side force generated on an infinite 
flat surface by the variation of the jet parameters. For 
many purposes, it is desirable to know the change in force 

, produced on the wall by secondary injection. 

The side-force contribution from the pressure field re- 
sulting from secondary injection from an infinite flat plate 
can be expressed as 

Dividing through P,h2 we have 

and 

The integral in Eq. (12) is evaluated in the normalized 
coordinates, and therefore will depend only upon the 
free-stream Mach number and specific heat ratio. That is, 

The total side force due to injection, F,, is the sum of 
the interaction force AF and the thrust of the injectant F,. 

The thrust of a sonic jet is given by 

where 

It is useful to compare the total force due to injection 
with the thrust that would be produced by the jet alone 
if it were expanded isentropically in a nozzle to the free- 
stream static pressure. This quantity will be denoted 
F,llipI, and is given as follows: 

Combining Eq. (6), (12), (13), (14), and (W), we have 

function of the ratio of secondary to primary mass flow 
rates. That is, 

The second term in Eq. (16) is the ratio Fi/Firn,+ the ratio 
Of the thrust Of a sonic jet to the thrust Of a jet with 
cytirnnm expansion. 

Results from Eq. (16) can be compared with rocket- 
motor data by using the expression for F,l,l,l,, written in 
terms of m), as follows: 

The usual form for presentation of rocket-motor tests 
has been to give the ratio of side force to axial force as a 
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Equations (16) and (18) can be used to correlate side- 
force measurements if the dimensionless pressure integral 
@ is known. 

Even when @ is not known, correlation can be made if 
F, /F l ! , l , l ,  is held constant, keeping in mind that the first 
term in Eq. (16) depends only upon free-stream param- 
eters. This condition implies that valid comparisons can 
be made when any of the following parameters are 
changed: injectant molecular weight and total tempera- 
ture, injector diameter, and primary-stream molecular 
weight and total temperature. In addition, the depend- 
ence of Eq. (16) and (18) upon P, , ,  is very weak, par- 
ticularly if P, , ,  > > €‘,. Hence, a change in the ratio 
P , , , / P ,  will only introduce ii slight error in scaling. 

Subject to these restrictions, it is evident that 

F ,  a m, (EITil,)’L 

In addition, if changes in axial thrust of the primary 
flow caused by nonoptimum expansion and by secondary 
injection arc’ neglected, then 

This result indicates that the thrust ratio depcmds di- 
rectly on the mass flow rate and on the square root of 
the ratio of injectant total temperature to moltcular 
weight. The ratio is independent of injector diameter. 

The discussion givcn in the earlier Sections of this 
Report indicates that ;I number of restrictions must he 
placed on tlie scaling procedime. Clearly, the procedure 
is strictly applicablc~ only if the wall on which the pres- 
sure disturbanccs exist is of sufficient extent that the 
pressuri. at its boundaries has returned to the free-stream 
static pressiirc. In practiccb, this means that the bound- 
aries must hc. at least 1011 away from the injector. 

In addition to this gcometric limitation, it will be use- 
f u l  to surninarize again the limitations on the scaling 
proccdnrc. itself. First, it is neccssary that the scale height 
be at lrast a s  large as tlie separated boundary-layer thick- 
ness and ;is largcb a s  the injcctor diameter. 

Second, if the boundary layer is turbulent, scaling 
appears to lie excellent except in the reattachment region. 

The data discussed in this Report suggest that if scaling 
of a nozzle is carried out in such a manner as to keep 
the ratio of penetration height to boundary-layer thick- 
ness constant, then the reattachment phenomena will 
also be similar and no scaling errors will be introduced. 

Third, if the boundary layer is laminar, upstream- 
separation plienomena are more important, and scaling 
may be less satisfactory. In this case, thcre is some indi- 
cation that pressure changcs compensate each other 
(Ref. 15); however, no information on such compensation 
can be deduced from the prescmt work. 

Some direct cornpiirison can be made of the scaling 
law developed here with experimental rocket-engine 
tests. Even though the flow field in a nozzle is not di- 
rectly comparable to that treated here, it is felt that the 
general conclusions drawn from the present work are 
llscful. 

Rodriguez (Ref. 20) and many other experimenters 
have found that the side force is independent of the 
injector-port area for fised mass flow and depends 
linearly on the inass flow of injectant when the primary 
flow parameters are held fised. This result agrees with 
that obtained from Eq. (19). 

Some work has been carried out in which injectants 
with different total temperatures and different molecular 
weights were used (Ref. 17, 21, 22). The correlation pro- 
posed by Lingen (Ref. 21) and later approximately veri- 
fied by Chamay and Sederquist (Ref. 22) agrees exactly 
with Eq. (19). 

Figure 56 shows data from Ref. 21 for gas injection 
into a rocket nozzle. The paramctc,r T, , ,  Ti,,, was changed 
by a factor of more than 6 for the two cases, and the 
agreement is excellent, although the data are badly scat- 
tered. Figure 57 shows data from Ref. 22 for nitrogen 
and hydrogen injection into a rocket noz~le .  The scatter 
here is much smaller than in Fig. 56, but the corrc,lation 
is not quite so good. It can be seen that the correlation 
improves with increasing m,, so that thcw is about lo”% 
difference betwecln the nitrogcn and hydrogcn data at 
the higher injection rates. 

In the previously mentioned p p v r  by Walker, et al. 
(Ref. 17), data ;ire reported for injection of different gases 
into a rocket nozzle. The correlation of these data by 
the present treatment is presented in Fig. 58. Only data 
for sonic injection are prcwnted. The choice of h z  as a 
correlating parameter was made because it accounts for 
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variations in y j  and P m / P , , j .  It can be seen that the effect 
of injector diameter is accounted for quite well, but con- 
siderable sys:zmatic variation remains among data for 
different gases. It is interesting to note that the correia- 
tion is in error by about the same factor over the entire 
range of h', or injection rate, in contrast to the data of 
Ref. 22. 
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Ref. 17, particularly at the higher injection rates (see 
Fig. 59). Figure 59 also includes data for subsonic injec- 
tion, but does not include the effect of injector-port 
diameter. In another figure of Ref. 23, Broadwell shows 
a correlation of this effect, which is as good as that in 
Fig. 59. 

Because of the disagreement between the various sets 
of experimental data of Ref. 17, 21, and 22, it is difficult 
to judge the value of the present technique in correlating 
rocket-motor data for different gaseous injectants. Both 
the technique proposed by Broadwell and that proposed 
by the authors appear to be in approximate agreement 
with experimental data, although both techniques pre- 
dict greater increases in performance with decreasing 
molecular weight of injectant than are actually realized. 

In the case of the technique developed here, the ex- 
planation for this discrepancy is believed to be as fol- 
lows. The assumption of isentropic expansion of the 

secondary flow appears to be quite satisfactory in the 
vicinity of the injector. However, it has been demon- 
strated for gaseous injection into a rocket exhaust that 
in many configurations, a major portion of the side force 
is developed quite far downstream of the injector. The 
concentration and total-pressure measuremellts presented 
in this Report show that mixing of the injectant with the 
free stream is quite rapid, and that the speed of the 
injected gas downstream of the injector is strongly af- 
fected by the free-stream flow. The effective scale of the 
obstruction downstream of the injector will then be less 
than that predicted by Eq. (6) if the speed of the injectant 
corresponding to an isentropic expansion to the free- 
stream static pressure is significantly greater than the 
speed of the free stream. This effect of mixing will then 
result in lower performance for a light gas than for a 
heavy gas when the gases are compared at the same value 
of the scale parameter h for rocket-nozzle injection con- 
figurations for which the side-force contribution down- 
stream of the injector is important. 

k- a 

E F F EC T I VE INJECTANT 
MASS FLOW, I b  

Fig. 59. Correlation of rocket-motor thrust-vector-control data, method of Broadwell (from Ref. 23) 
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NOMENCLATURE 

Aj injector area 

c discharge coefficient 

C ,  drag coefficient 

C,, pressure coefficient, {(P - Pm)/(1/2) pmV2 } 

C,* pressure coefficient at the stagnation point 
[see Eq. (111 

d 

D 

F ,  

F j  

F,  
F, total side thrust 

hole diameter or slot width 

probe diameter (see Fig. l l a )  

force on body surface in i direction 

thrust of a sonic injectant jet 

total axial thrust of the primary stream 

h scale height 

I ,  effective specific impulse of injectant, F,/mj 

K ,  mass fraction of argon 

K , ,  mass fraction of helium 

Mi Mach number 

m mass flow rate 

3% i molecular weight of ith species 

P static pressure 

Po stagnation pressure 

R distance, in y-z plane, to bow shock from the line 
(2 = h, y = 0)  

Reynolds number based on distance between 
leading edge of plate and injector centerline 

gas constant for species i 

static temperature 

stagnation temperature 

velocity 

axial distance from injector port to nozzle exit 
(see Fig. 55) 

coordinate axes (see Fig. 3) c 
z coordinate of bow shock in x-z plane (see 
Fig. 10a and lob) 

angle between body surface and free-stream flow 

specific heat ratio 

boundary-layer separation angle 

F ,  - F ,  

ratio of nozzle area at injection station to nozzle- 
throat area 

,/2 - a(see Fig. 46) 

parameter h i i  li!ast wive theory (Ref. 14 and 22) 

dimensionless pressure integral, defined in Eq. (12) 

dimensionless pressure integral, defined in Eq. (29) 

Subscripts 

1 injectant 

primary stream 

conditions in primary rocket BOW ,, 
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